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ABSTRACT

PINNs can be trained to learn one physical frequency fast while an-
other physical frequency is learned slowly. We derive the weight-
space modal tangent kernel (WMTK) for bilinear Fourier PINNs. On
resolved cosine grids where the linear operator has a cosine-diagonal
form, we prove that the operator-composed WMTK is equivalent to
the full Fourier-projected residual NTK including mode-mode cou-
plings. The complete calculation of the kernel gives more accurate
predictions of the rate of modal learning than the diagonal kernel in
our experiments. For 20 different random initializations, the frozen
kernel prediction yields a mean per-run trajectory R? of 0.9993 on
reaction-diffusion and 0.9994 on near-resonant Helmholtz problems.
Rescaling of the factor weights via gauge transformations leaves the
initial function unchanged but changes its training trajectory. The
frozen kernel approximation becomes less accurate at later times.
Evaluating the WMTK kernel does not depend on the grid size for a
fixed architecture and modal dimension.

Index Terms— Physics-informed neural networks, neural tan-
gent kernel, spectral bias, bilinear networks, Fourier analysis.

1. INTRODUCTION

PINNs approximate the solution to a PDE via fitting the residuals
and boundary conditions [1,2]. Training may be slow or imbalanced
between the different parts of the loss function [3-5]. This behav-
ior is related to the neural tangent kernel (NTK) [6] through param-
eter sensitivities [7]. The spectral bias results [8—10] have inspired
Fourier features [11] and frequency-aware PINNs [12—14]. The PDE
operator might affect the difficulty of training due to its condition-
ing [15].

Recent work addresses the issue of PINN training through fre-
quency [16,17]. Zhao et al. [16] quantify the diagonal Fourier-probe
tangent energies (||Vga||3) and an operator-composed version. Can
the weights also represent the complete physical-mode tangent ma-
trix, including the couplings between the different frequencies? The
full kernel can also be calculated numerically from spatial residual
Jacobians, using general-purpose finite-width NTK methods [18].
This calculation depends on the sampled grid.

Pearce et al. [19] understand bilinear MLPs via their weights.
There has been analysis of the inductive biases in polynomial and
Hadamard-product networks [20-22]. Here, we consider a cosine-
basis bilinear PINN with homogeneous Neumann conditions. We
focus on linear PDE operators that are diagonal in this basis.

Contribution. We derive the modal kernel of the weights and
prove that its operator-composed form equals the projected residual
eNTK on midpoint cosine grids with N > 2K. We check whether the
mode coupling helps in improving finite-horizon predictions when
compared to the diagonal kernel. Gauge rescaling allows fixing the

initial represented function while changing the training dynamics.
Independent spatial autodiff tests validate the derivation. We quan-
tify both the predictive performance and the computational cost. The
operator-composed WMTK is equivalent to the projected residual
eNTK and calculates the same information without collocation.
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Fig. 1. Three routes to the modal kernel. Dense spatial AD forms
K, = J,J;r , while streamed AD projects Jacobian blocks without
forming that matrix. WMTK uses factor weights and fixed mode
tensors; at fixed modal dimension, its cost scales with parameter and
modal dimensions rather than grid size N.

2. WEIGHT-SPACE MODAL DYNAMICS

2.1. Bilinear Fourier Architecture and DC Removal

Define x € [0, 7], where the cosine basis is truncated at order K. Its
vector representation is

o(x) = [l,cos(x),cos(Zx),...,cos(Kx)}T. 1)

Every basis element and product of basis elements has a zero deriva-
tive at both ends, hence the network satisfies Neumann homoge-
neous boundary conditions. Cooley et al. [23] consider adaptive
Fourier expansions in PINNs. Our choice of the fixed cosine basis
allows us to analyze the factor weights exactly.

Consider the bilinear network ug(x), which has a width Hgjy
and factor matrices W,V € Rfdim x(K+1),

o (x) = W%Ij):l (7o) (o). @




where wj,v; € RE+ are the transposes of the jth rows of W,V corre-
spondingly. As in Pearce et al. [19], the exact symmetric interaction
matrix Qg € RE+D*(K+1) implements the same function:

Qo (WVHVTW), ue) =000 Q00 ()

1
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Our target functions have zero mean value, hence we remove the
generated DC term:

co(8) = (Ao, Qo) F, “

We introduce Ag later. Both the target and the source lie in the
same resolved modal space, which implies that the residual will be

in span{cos(mx)}2K .

iig(x) = ug(x) —co(0),

2.2. Physical Mode Extraction via Product Tensor Decomposi-
tion

Using the product-to-sum identity, we obtain

cos(ix) cos(jx) = % [cos(|i — jlx) 4+ cos((i+ j)x)], Q)

Hence, products of the basis functions span physical frequencies m €
{0,1,...,2K}. For every mode m, we define a symmetric matrix
A,y € REFDX(KHD) o5 follows:
1 o L

(Am)ij = 5 Wi = jl =m} + i+ j=m}], (©)
Here, 1{-} is the indicator function. We calculate the Fourier coef-
ficients of the mean-centered network from its factor weights. For
m>1,
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In Equation (7), the brackets denote the Frobenius inner product,
and we use no sampled points or numerical transforms. Spectral-
informed networks learn in spectral coordinates [24]. We use the
factor weights to examine the tangent dynamics of these modes. Un-
der the grid, source, and operator conditions below, the spatial and
modal losses coincide.

cm(0) =

2.3. Weight-Space Modal Tangent Kernel (WMTK)

Let 8 = vec([W,V]) € R?, where P = 2Hg;, (K + 1). The symmetry
of A,, gives the parameter gradients for m > 1:

1 1

Vchm = \/ﬁAmVﬁ Vv,'cm = mAij- 3

Each entry of the weight-space modal tangent kernel G € R2X*2K jg

an inner product of mode gradients. For m,n € {1,...,2K}, we set
G = <V96m7VeCn)I

1 Ham T T

G = - y [(Amv,) Av)) + (Anw) T Aw))| . ©)
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Let the linear operator .Z satisfy .Z cos(mx) = £, cos(mx). We
choose u*(x) = Y.2K | ¢ cos(mx) and set f = Zu*. The residual
in mode m is ry = Ly (cm — c,). With Dy = diag(¢y,...,¢k), the
residual-space kernel H € RZEx2K jg

H=D;GDy, Hypm="L%Gpm. (10)

Set M = (VIV+WTW)/Hgm. Then Gy, = tr(AyApM). Dense
contraction takes & (HgmK> + K*) flops. It uses O(HgimK + K3)
storage. Neither cost depends on the grid size N.

2.4. Collocation Points and Discrete GD Dynamics

We use N > 2K midpoint cosine (DCT-II) collocation points:

Xp = k=1,...,N. (11)

Set @ € RV*2K with &y, = cos(mx;), and let B = (2/N)®. Orthog-
onality on this grid gives @' ® = (N/2)I and B' ® = I for modes

1,...,2K. The mean-squared spatial residual loss then equals the
modal loss:
L o 21y 2
J(0)= N | Liig (xi) — f(x)|” = 5“’9”2 (12)
k=1
The spatial residual has Jacobian J, = VgRg = ®Jmoda € RV*P,

where Jioda = D¢Vgc. Its empirical residual NTK is K, = JrJ,T €
RNXN'

Proposition 1. For the centered bilinear model, assume a cosine-
diagonal linear operator, a source in the resolved modal space,
and N > 2K. Then the Fourier-projected residual eNTK equals the
operator-composed WMTK H for any factor weights:

BK,B = (B" ®)Jnodaldmoqal (P B) = H. (13)

The last equality follows from BT & = I. At N = 2K, the highest
cosine mode vanishes at every midpoint, so we require N > 2K. For
gradient descent (GD) with step size 7, we linearize around 6y [6,
25]. The predicted modal trajectory is

Fr=(I—nHo)'ro, Ho=H(6p). (14)
The frozen trajectory approximates the finite-width run. For the full
update, set gf‘;v =V, 7 and g}/ =V,, 7. Bilinearity gives the exact
one-step residual update:

Tr4l] =1t *nHzrt+n2%7
(15)
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Changes in H; and the quadratic term g, limit predictions at later
steps. In the positive eigenspace of H, the frozen update is stable
when 0 < N Amax (Hp) < 2.

2.5. Representation vs. Trainability: Gauge Invariance

We rescale the factors as W — ¢W and V — V /¢ for ¢ > 0. The
matrix Qg and the mean-centered network ity stay the same. Equa-
tion (8) shows that the W-gradient scales by ¢~! and the V-gradient
by c:

G(c) = ¢ 2Gy +*Gy, (16)
Here, (Gy )mn = Hd_”L X (Amvj) T (Ayv;), and Gy has the same form
with w;. Since W and V have the same initialization distribution,
E[Gy] = E[Gw] = JE[G(1)]. Thus,

E[G(c)] = % [+ 2] ElG(1)] = ElG(1). a7

The re-scaling of the gauge leaves Q and the function itself un-
changed. However, GD acts on W and V separately. Equation (17)
shows the difference in the expectation of the tangent kernel. The
residual and the step size affect the training trajectory.
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Fig. 2. Results for one initialization; Table 1 shows the averages over 20 initializations. (a) Signed RD rates from GD, full WMTK, and
the diagonal kernel. (b) Magnitudes of the RD residuals from GD (solid) and the frozen kernel (dashed). (c) Signed Helmholtz rates, where
negative values around the operator notch at m = 12 indicate transient growth.

2.6. Spectral Bias at Network Initialization

For the Gaussian initialization with variance 6> of W and V,
E[Gumn] = 206%tr(AnAy). For K = 16, ||An||% = 9.50 for m = 1,
5.75 for m = 16, and 0.25 for m = 32. Fewer pairs of basis functions
give rise to higher modes. Nevertheless, the expected kernel corre-
lates different modes: for K > 2, tr(AjA3) = 1/2. After averaging
over random initialization, such correlations persist. They do not
arise due to finite-width noise.

3. EXPERIMENTAL RESULTS

3.1. Experimental Design and Independent Verification

At K = 16, the network has 32 physical modes; we set Hg, =
128 and N = 512 midpoint collocation points. The factors are ini-
tialized as W,V ~ 47(0,1/K), and the target coefficient for each
mode is ¢}, = s,,/v/2K, where s, € {—1,+1} and is drawn ran-
domly. For seeds 0-19, we perform 70 full-batch GD steps with
N = 0.50/Amax (Ho). We test two operators. Reaction-diffusion em-
ploys .Z =1 —Vvdy, v = 0.003, and £, = 1 4+ vin?; Helmholtz em-
ploys . = I+ k™ 2y, &k = 12.3, and £, = 1 — (m/x)%. The cosine
basis observes homogeneous Neumann boundary conditions.

We perform training with the modal loss and verify its gradients
using spatial-residual GD with automatic differentiation (AD). The
second implementation evaluates the network in space, computes
two spatial derivatives and then differentiates the residual with re-
spect to the factor weights. This implementation does not involve
A, and analytic modal gradients. For 20 seeds of each operator at
N = 512, the difference between the projected kernel and WMTK
does not exceed 1013 relative to the former. In an additional ini-
tialization, the 70-step trajectory matches the modal solver within
2 x 10™1* relative error. Such checks support the correctness of the
derivation and implementation.

3.2. Rate Prediction and Cross-Mode Coupling

For each mode, we fit log(|r,(¢)| + 107'2) against tn over t =
0,...,19 and calculate the negative slope as J,. For the frozen pre-
diction, we use the same fit to compute f;,. If the fitted rate is neg-
ative, it means that the fitted log-residual magnitude has an upward

Table 1. Benchmark results over 20 seeds. Results are reported as

mean =+ population standard deviation. Predictors are based on data
from initialization. Trajectories consist of 71 states and 32 modes.

Predictor RDp 1 Helmholtz p 1
Frequency —m —-0.22+0.10 —0.60£0.05
Operator £2, 0.224+0.10 0.86+0.05
Capacity (Go)mm —0.22+£0.10 —0.60£0.05
Diagonal (Hg)mm 0.40+0.14 0.86+0.06
Expected full kernel  0.76+0.11 0.95+0.04
Full WMTK 0.95+0.03 0.99+0.02
Trajectory error | RD (%) Helmbholtz (%)
Diagonal trajectory 16.6 £3.8 16.5+4.3
Expected full kernel ~ 8.08 £1.92 8.14+£1.97
Full WMTK 2.49+0.70 2.32+0.69

trend during this period of time. We evaluate rates’ agreement with
Spearman correlation p(7,¥) and calculate trajectories with Eiraj =
|lr—#F/||rllF. For each run, R* = 1 — ||r— 7|2 /||r — mean(r)| %,
using all states and modes.

RD has two forces affecting its modal rates: as m grows, E% in-
creases, but the network capacity decreases. This results in the non-
monotonic rate profile dependent on the initial residual and cross-
mode coupling in Hy. Over 20 seeds, the full kernel gives p = 0.95,
in comparison to 0.40 for the diagonal predictor. The mean trajec-
tory error of the full kernel over 71 states and 32 modes is 2.49%,
while the mean trajectory error of the diagonal trajectory is 16.6%.
Proposition 1 guarantees the equality between the projected residual
eNTK and WMTK for this frozen prediction.

Then we substitute E[H)] for Hy for each run, keeping its rq
and 1. The expected kernel preserves cross-mode coupling but loses
the difference in factor weights. The mean trajectory error grows
to 8.08% for RD and 8.14% for Helmholtz. The particular factor
weight of a run affects the prediction.
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Fig. 3. Gauge rescaling using 11 = 0.03. All five runs begin with the
same function and Q. After 40 steps, their losses span 4.73 orders of
magnitude.

For Helmholtz, /1, ~ 0.048 produces the notch in the operator
spectrum at mode 12. In Fig. 2(c), the fitted rates at modes 9 and 12
are negative. The positivity-semidefiniteness of the kernel does not
guarantee the decrease of the magnitude of each residual component
at each step; the coupling can lead to the increase of one of them
while training the full system.

3.3. Robustness and Prediction Limits

We test widths 32, 64, 128, and 256 with N Amax (Ho) = 0.1, 0.25, or
0.5, providing 480 runs over 20 seeds and two operators. The targets
stay fixed across widths and step sizes. The minimum configuration
mean R? is 0.9917. The minimum R? of a single run is 0.9771.

The other 360 runs vary K in 8, 16, and 32 and the target spec-
trum. The targets have flat, 1/m, or high-band-only (m > K) en-
velopes, with random signs and unit coefficient norm. We fix the
width to 128 and N Amax (Hp) to 0.5. See Table 2 for the minimum
configuration means. In all 18 configurations, the mean full-kernel
rate correlation is higher than the diagonal one.

Scores over whole trajectories hide the late-time errors. In 70
steps, the per-run median modal error is 1.4% for RD and 1.7% for
Helmholtz. In the last 20 states, RD gives the mean per-run relative
error of 96.1% although its mean RMS discrepancy is 0.0756% of
the initial residual norm. The tail error of Helmholtz is 2.7%. In
500 steps, the mean whole-trajectory errors are 2.49% and 2.32%,
while the tail errors are 102.1% and 3.6% for RD and Helmholtz,
respectively. The frozen kernel has less accuracy for late residuals.

3.4. Computational Complexity and Gauge Rescaling

We measure the time of WMTK against two spatial-AD routes:
dense AD calculates B'J,J,' B, while streamed AD accumulates
BTJ, in blocks before calculating the modal Gram matrix. All three

Table 2. Bandwidth and target sweep. For each envelope, the table
shows the minimum configuration mean R? over both operators and
three bandwidths. It also shows the minimum mean full-kernel rate
correlation for each operator. All 18 configurations have 20 seeds.

Target envelope R? RDp Helm.p
Flat 0.9978  0.961 0.974
1/m 0.9999 0992  0.996
High-band-only 0.9923 0.928 0.951
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Fig. 4. Kernel time in float64. The points show the median and
the interquartile range of 50 measurements for each method and grid
size N. Both AD methods use spatial and parameter differentiation.
Streamed AD avoids the dense N x N Gram matrix.

methods use PyTorch CPU float64 with one thread. Timing excludes
fixed input preparation. See Fig. 4 for the results dependent on the
grid size.

At N = 2048, K = 16, Hgi, = 128, WMTK requires 0.39 ms,
in comparison to 328.6 ms for streamed AD and 383.0 ms for dense
AD. The speedup is 833 x compared to the streamed AD implemen-
tation tested here. The asymptotic cost of WMTK kernel calculation
is independent of N for fixed K and width.

For the gauge experiment, we use ¢ € {0.25,0.5,1,2,4} and
n = 0.03; all five runs have the same function and interaction ma-
trix Q. Their Tr(G) values vary from 19.3 to 158.5, and after 40
updates the losses span 4.73 orders of magnitude (Fig. 3). But only
the factorization has been changed. Hence, Q cannot predict the GD
trajectory alone.

4. CONCLUSION

The WMTK serves as a model to study the spectral behavior of bilin-
ear cosine PINNs before running gradient descent. Given the start-
ing residual and weights, the WMTK can predict the decay/growth
behavior of modes of interest, incorporating the PDE operator and
the coupling effect in weight space. We show that for the operator-
composed WMTK, this is equivalent to the full Fourier-projected
residual eNTK in terms of modal predictions for linear operators di-
agonal in the cosine basis. For our reaction diffusion and near reso-
nant Helmholtz equations, we find that the full kernel predicts modal
behavior better than the diagonal score and finite horizon dynamics
better than the diagonal kernel. This is accomplished without per-
forming a kernel calculation that depends on the size of the colloca-
tion grid for a fixed architecture and mode number. Gauge rescaling
demonstrates the role of weights, since one and the same function
may exhibit a very different training trajectory. More generally, the
above findings indicate that imbalances of PINN spectral behavior
could be understood in terms of PDE operator sensitivity and mode
coupling due to the network parameters.
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